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Rotational Relaxation of Molecular Hydrogen at
Moderate Temperatures

S. P. Sharma*
NASA Ames Research Center, Moffett Field, California 94035

Using a coupled rotation-vibration-dissociation model1 the rotational relaxation times for molecular hydrogen
as a function of final temperature (500-5000 K), in a hypothetical scenario of sudden compression, are computed.
The theoretical model is based on a master equation solver. The bound-bound and bound-free transition rates
have been computed using a quasiclassical trajectory method.1 A review of the available experimental data on
the rotational relaxation of hydrogen is presented, with a critical overview of the method of measurements and
data reduction, including the sources of errors. These experimental data are then compared with the computed
results.

Nomenclature
Z)0 = dissociation energy
(eR) = average rotational energy per molecule,

cm-1

(ev) = average vibrational energy per molecule,
cm"1

G(v, J) = energy of the vibrational-rotational level
v, J measured with from the v = 0 level

h = Planck's constant
K(v\ c) = transition rate coefficient for v —» c

(continuum) transition, cm3 s"1

K(v, /; c) = transition rate coefficient for v, J —> c
(continuum) transition, cm3 s"1

K(v, /; T/, /') = transition rate coefficient for v, J —» v',
/' transition, in cm3 s"1

K(v\ v') = transition rate coefficient for v -» v'
transition, cm3 s"1

k = Boltzmann constant
N = number density
n = temperature exponent in rate coefficient
p = pressure in atmosphere
Qj = partition function for rotational level /
QtA> QtB ~ translational partition function for atoms

A and B, respectively
Qv = partition function for vibrational level v
T = translational temperature
Ta = geometrical mean temperature
Td = characteristic temperature of dissociation
Tv = vibrational temperature
t = time, s
0 = characteristic vibrational temperature for

H2 = [E(l) - E(0)]/k = 6320 K
PA, PB = normalized population density of atoms

A and B, respectively
pv = normalized population density at

vibrational level v
pv, J = normalized population density at

rotational level / of the vibrational
level v

TL = relaxation time deduced from the Landau-
Teller equation

{ ) = average value
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Subscripts
A = atoms A
B - atoms B
E - equilibrium
/ = initial condition
/ = rotational level J
R = rotational
t = translational
v — vibrational level v, vibrational
x = molecule
0 = stagnation condition

I. Introduction

I N a recent publication1 we reported the results of a the-
oretical study of the coupled rotation-vibration-dissocia-

tion phenomena in H2. The study of the relaxation phenomena
was conducted for two typical scenarios: 1) sudden compres-
sion and 2) sudden expansion. In both of these cases, a con-
stant volume, isothermal condition was assumed. Computa-
tions were also conducted for a rotationless approximation
similar to Ref. 2. The analysis showed that rotation plays a
very important role in the relaxation of molecular hydrogen.
It was found that during relaxation, in both the cooling and
heating environments, a fraction of vibrational energy is trans-
ferred to the rotational states, and near equilibrium, it is
transferred back to the vibrational levels. This process seems
to delay the dissociation process. At higher rotational levels
of lower vibrational states, where the rotational energy con-
stitutes a good fraction of the total energy, the molecule re-
laxes faster as compared to the rotationless approximation.
Overall effect of the rotation seems to be that it stretches the
relaxation process a bit longer. The analysis also revealed a
long incubation period prior to the actual relaxation. Exis-
tence of such an incubation period in CO has been experi-
mentally demonstrated by Appleton et al.3

Rotation can change vibrational transition rates in two dif-
ferent ways. First, it changes the shape of the vibration po-
tential. In the high-temperature range, the majority of the
molecules are at a high rotational quantum number. When
the rotational motion is excited to this extent, the effective
interactive potential is shifted upward, reducing the effective
dissociation energy and producing a rotational barrier. Both
the vibrational bound-bound and vibrational bound-free tran-
sition rates are affected by this. The second rotational effect
involves rotational energy transfer providing an additional
pool of energy.

As the effects of the rotational degree of freedom (DOF)
on the relaxation process are being studied using the model,
it becomes imperative that this theoretical model be validated
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against available experimental data. Since most experimental
data are in the form of rotational relaxation times or number
of collisions required to achieve the rotational equilibrium,
for the purpose of comparison, the rotational relaxation times
as a function of temperature are computed. In this article,
the results of such computations, for a hypothetical scenario
of sudden compression, are presented. The final temperature
resulting from the sudden compression is varied from 500 to
5000 K. Next, the available experimental data on rotational
relaxation of molecular hydrogen are reviewed, including the
methods of measurements, data reduction, and sources of
errors involved. Finally, we compare these experimental data
with the computed results.

II. Theoretical Model

A. Quasiclassical Trajectory Method
The theoretical model is described in detail in Ref . 1 . How-

ever, for completeness, a brief outline of the procedure will
be given here. The model considers only the processes in-
volving molecule-to-molecule collisions. The state-to-state rate
coefficients for this study have been determined using a quasi-
classical trajectory method. This requires as input a potential
energy function4 which describes the interaction of the two
hydrogen molecules. The potential used in the present work
is a multiparameter analytic representation of the results of
extensive ab initio electronic structure calculations, and is
expected to faithfully reflect the properties of the accurate
potential.

The initial conditions for the trajectories were selected as
in Ref. 4, with the exception that for each temperature one
maximum impact parameter was used. For 800, 1000, 3000,
5000, and 10,000 K, the impact parameters used were 15, 12,
10, 10, and Sa0 (Ia0 = 5.291771 x 10~9 cm), respectively.
The initial states were fixed in all these computations. The
initial state for the target was one of the 348 levels, and the
initial state for the projectile was taken as the most likely
state from a thermal distribution consisting only of molecules
having / even(odd) if the target / was odd(even).

The final states of the target were assigned using the his-
togram method while a summation over the final states of the
projectile were performed. This yields rates for all processes
of the form

H2(v, J) H2(X, /') + M

H2(v, /) + M -> H + H + M

(1)

(2)

This determines all state-to-state rate coefficients except the
ones for free-to-bound transitions. These are generated from
the bound-to-free transition rate coefficients by using micro-
scopic reversibility. Finally, to ensure that the proper equi-
librium is reached, all bound-bound state-to-state rate coef-
ficients for endoergic transitions are replaced with the values
calculated using microscopic reversibility from the reverse
transitions.

B. Formulation of Rate Equations
We will designate the H2 molecule with the suffix jc, and

the two atoms resulting from its dissociation by the suffices
A and B, even though they are identical. We consider that
the mixture containing the species x, A, and B is confined in
a box of unit volume. At times prior to t = 0, equilibrium
existed at a specified temperature T0. At time t = 0, the gas
is suddenly heated by an unspecified means so that the trans-
lational temperature acquires a new value T. The box is hence-
forth maintained at an isothermal condition. Due to the sud-
denly changed T, collisional processes occur to vibrationally
excite or de-excite to relax to a condition appropriate to T.
Some of the collisions lead to a free-bound (dissociation or
recombination) transition v, J ̂  A + B. The state A + B
will be designated by c (continuum). There are a total of 15

vibrational states starting from v = 0 to v — 14, and a total
of 348 rotational states with 39 rotational states at v = 0 and
5 rotational states at v - 14. It is further assumed that the
ionization level is small and the bound-bound collisional tran-
sitions occur only when both colliding partners are molecules.

The quasiclassical trajectory calculations yield a set of tran-
sition rate coefficients among all combinations of initial and
final rotational and vibrational, and/or free states. The master
equations are written in the following form:

K(v, /; c)(pApB -

M,
PA =

N -p (3>MBE

where pv 7, pA, and pB are all normalized with respect to their
equilibrium value. K(v, /; v', /') is the transition rate coef-
ficient for the transition (v, /) -> (t/, /') given in the units
of cm3 s"1. Similarly K(v, /; c) is the rate coefficient for the
transition from bound-to-free state. Nx is the number of col-
liding molecules. The equilibrium number densities of the free
state, NAE and NBE are given by

NAENB QAtQBt~ (4)

Here, Q denotes a partition function, and the subscripts r, x,
A, and B refer to the translational mode, molecules, atoms
A and atoms B, respectively. We invoke the principle of de-
tailed balancing between a forward and its backward rates
under equilibrium, which leads to

K(v, J', v', /')AW = K(v'> J'>

K(v, = K(c; v, J)NAENBE

The rate of change of the density of the atoms A and B and
of the molecular density can be expressed as

dt
= 2 K(v, /; c)NxNME

X (pv,J ~ (5)

The 348 equations from Eqs. (3) and (5) must be integrated
numerically to obtain pv j and pApB as functions of time.

The integration of the master equations yield the normal-
ized population distribution of all rotational and vibrational
states as a function of time as well as the number densities
of the atoms and molecules. From these rotational and vi-
brational distributions, various quantities of interest such as
the average vibrational energy (ev), average rotational energy
(eR), and the average combined vibrational-rotational energy
(evR) are calculated.

C. Rotational Relaxation Time
In general, the rotational relaxation times can be computed

by monitoring the time evolution of pvj, for a given vibra-
tional and rotational quanta. However, in order to visualize
the bulk rotational relaxation behavior, the quantity usually
measured in an experiment, we follow the time evolution of
the average rotational energy of the molecules. The average
rotational energy is computed as follows:

[G(v, /) - G(v,
eK = Vmax Ji

*ST\ \

V = Q 7 = 0

./maxX N^J)EP^
(6)
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where G(v, /) is the vibrational rotational energy for a given
v and /.

D. Dissociation Incubation Time
The incubation period is determined as the period for which

the atomic population remains constant, i.e., 8NA^B/dt ~ 0.

III. Computational Strategy
In order to determine the transition rates, about 2000 tra-

jectories, for each of the 348 levels, were integrated using the
variable step-size algorithm.1 Approximately one-tenth of the
trajectories were back-integrated to monitor the suitability of
the numerical parameters controlling the accuracy of the so-
lutions. Most of the trajectories were evaluated using a Cray
Y-MP, and 2000 trajectories required from 15 min (T = 10,000
K) to 70 min (T - 800 K) of CPU time. The transition rates
for four temperatures, 10,000, 5000, 3000, and 1000 K, were
computed during the work related with Ref. 1. A new set of
rates for T = 800 K were computed during this investigation
and the complete solution for this temperature took about
406 h on the Y-MP. Because of CPU time constraints, tran-
sition rates for other temperatures were not computed. In-
stead, the data for other temperatures were either extrapo-
lated or interpolated from the available five sets of data.

Ideally, in order to determine the relative rotational pop-
ulations, 348 simultaneous equations need to be solved. How-
ever, since solving 348 stiff equations can be very time con-
suming, a set of equally spaced 94 of these equations were
selected and simultaneously solved. After a few time steps
the population densities for all the 348 bound are updated by
interpolation. A typical solution requires about 5.5 h on Cray
Y-MP computer. A total of 10 cases, in the 500-5000 K range,
were solved. The transition rates for these 10 cases were ob-
tained by interpolating or extrapolating the tables obtained
for the original five temperatures.

IV. Reveiw of Available Experimental Data
Experimental data5"9 considered (except for Gallagher's7),

are primarily from shock tubes studies. Beside being able to
acquire the relaxation data over a wide range of temperatures,
shock tube measurements are more direct as far as the relax-
ation times are concerned. Although shock tubes are excellent
impulse facilities in simulating gas compression, the flow of
gases in the tubes exhibits "nonideal" behavior. The bound-
ary-layer growth along the wall behind the shock front induces
gasdynamic nonuniformities: 1) the density behind the shock
is no longer constant; and 2) as a result of the boundary layer,
the shock front becomes curved. So in contrast to an ideal
shock tube flow, the real flow becomes two-dimensional and
time-dependent. The perturbations increase with the distance
from the shock front and obscure the relaxation process, es-
pecially in integrated density measurements, which are the
basis of most relaxation time measurements. Thus, for a crit-
ical interpretation of density measurements in the relaxation
regions, the boundary layer influence must be taken into ac-
count. Lensch and Gronig6 have discussed in detail these
boundary-layer effects and corrected their experimental data
accordingly. Yoder9 and Boitnott et al.5 have presented their
data without any such corrections. Gallagher and Fenn7 used
so-called "heat capacity lags" by time of flight (TOP) analysis
of moleculer beams extracted from free jets. They extracted
a beam at several distances from a nozzle exit and determined
the axial variation of translational temperature. With the help
of an energy balance, assuming negligible vibrational energy,
and some independent measurements of axial flux density in
the jet, they obtained the rotational temperature TR.

At low temperatures (—500 K), most of the internal energy
of hydrogen remains in the rotational DOF. As the temper-
ature increases, the molecules become vibrationally excited
and eventually dissociate. The dissociation, however, is pre-
ceded by a period of incubation, since a finite time is necessary

for molecules to be vibrationally excited before they can dis-
sociate. For CO molecule, this incubation period, as measured
by Appleton,3 was found to be one to two orders of magnitude
higher than that predicted by the Millikan and White formula
based on the Landau-Teller formulation. Data on the incu-
bation period for hydrogen molecules are not available at
present time.

V. Results
As mentioned above, the transition rates for five different

translational temperatures, namely, for T = 800, 1000, 3000,
5000, and 10,000 K, were computed. Some selected transition
rates, K(v9 7; t/, /'), as functions of temperature are shown
in Fig. 1. As can be seen from the figure, the transition rates
show monotonic variation (decrement or increment) over the
800-10,000 K temperature range, and for a given temperature
one should be able to estimate the appropriate rate by way
of interpolation with reasonable accuracy. On the other hand,
the estimates for a temperature lower than 800 K can be made
by extrapolation, provided the temperature dependence of
the rates does not dramatically change over this range. Ex-
trapolated values for T = 500 K have also been plotted in
Fig. 1.

In Fig. 2, the average rotational energy is plotted as a
function of time for the sudden compression scenario T =
400 —» 500. We can see the exponential nature of the relax-
ation phenomena as normally recorded in the experiments.
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Fig. 1 Bound-bound and bound-free transition rates as functions of
time.
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Fig. 2 Average rotational energy as a function of time. T = 400 -
500 K.
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Fig. 4 Rotational parameter as a function of temperature.

In the present study, it is this exponential dependence which
has been used to compute the bulk rotational relaxation time
constant.

The relaxation of the average rotational energy has been
viewed as defined by the following expression:

to relax the rotational energy to within lie of its equilibrium
value, they are converted to rp0 in s/atm, assuming a reference
collision cross section of 2.93 A, based on Lennard-Jones
potential for hydrogen.7 Since Boitnott and Warder5 used
hard sphere cross sections from viscosity data and their values
were very low, the latter were multiplied by a factor of two
for comparison. Surprisingly, Boitnott's data are still the low-
est for temperatures above 500 K. More disturbing than the
disagreement in absolute magnitude is the fact that, for the
200-1200 K temperature range, Boitnott and Warder find
T-P0 decreases with increasing temperature. All other data
including Yoder's9 and Lensch and Gronig's6 show an increase
in the relaxation parameter with increasing temperature in
this range. The most logical explanation seems that Boitnott
and Warder do not attempt to fit the observed density vari-
ation through the shock wave with a relationship obtained by
solving the relaxation equation. Instead, they compared the
measured shock wave thickness with one computed by as-
suming an exponential dependence of specific heat ratio vari-
ation and the thermodynamic expression for density increase
through a normal shock. In this methodology, the accuracy
of the deduced data depends upon the comparison of theory
and experiment at one single point, downstream of the shock
front. Also this point at which comparisons are made may be
difficult to locate.

The computed data from this present study, marked with
thick solid line with square symbols in Fig. 4, are in reasonable
agreement with Lensch and Gronig's data. Although, the
computed values at T - 500 K (dotted line with square sym-
bols) are slightly lower than their data. It should be re-
membered that the cross sections for this temperature were
obtained by extrapolation, instead of actual trajectory compu-
tations; extrapolations could be reponsible for this discrep-
ancy. Gallagher and Fenn's7 data are slightly higher, however,
their general trend is the same as the computed data and
Lensch and Gronig's6 data. No reliable data are available for
temperatures above 700 K.

For temperatures above 700 K and below 2000 K, the com-
putations show that the rotational relaxation parameters, r- P0
continues to increase with increase in temperature. At around
2000 K, with 2% of the molecules dissociated, r-P0 achieves
a maximum of 2.5 x 10~8 atm/s. At this point the dissociation
starts to play an important role in the relaxation process. The
energy lost in each dissociation is 36,110.8 cm"1 and it occurs
at the expense of the energy in the rotational mode. As a
result, the equilibration process of the rotational energy slows
down. From Fig. 4 we can see that the relaxation parameter
T-P0 decreases rapidly, as the temperature increases from

- exp - (7)

In order to compute the relaxation time r the average rota-
tional energy is expressed in a nondimensional form [left side
of Eq. •(?)], and is plotted as a function of time (Fig. 3). The
slope of this curve on a semilog plot is used to compute the
relaxation time. Rotational relaxation times were computed
for the following 10 cases: 1) T = 400 -> 500 K; 2) T = 600
-> 800 K; 3) T = 800 -> 1000 K; 4) T = 1400 -> 1500 K;
5) T = 1800 -* 2000 K; 6) T = 2000 -> 2500 K; 7) T = 2800
-> 3000 K; 8) T = 3000 -> 3500 K; 9) T = 3000 -> 4000 K;
and 10) T = 4000 -* 5000 K.

The sudden compression was assumed to occur under con-
stant volume and isothermal conditions. In all the cases, the
predissociation total molecular number density N0 was as-
sumed to be 1.0 x 1017 cm~3. The computed values of rp0 in
s/atm, where P0 is the partial pressure of the molecular species
at the given temperature, are plotted in Fig. 4 as functions of
temperature. For comparison, the above-mentioned experi-
mental data are also plotted in the figure. Since some of the
data is published in terms of Zr, number of collisions required
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Fig. 5 Atomic number density as a function of time.
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be seen from the figure, dropping to about 0.01 s at
5000 K.

T =

1000 4000 50002000 3000

Temperature, K

Fig. 6 Incubation time as a function of temperature.

2000 to 5000. At around 5000 K about 99% of the molecules
are dissociated and the value of r-P0 decreases to 7 x 10~n

atm/s.
Atomic number density as a function of time, for the case

T = 2800 -> 3000 K, is plotted in Fig. 5. The atomic popu-
lation remains constant for a considerable period of time,
indicating a distinct incubation period, and then starts to in-
crease rapidly achieving a near-constant rate of increase. Fi-
nally, the rate of increase in the atomic number density (not
shown in the figure) starts to drop, becoming negligible, when
the atomic population almost achieves its equilibrium value.
This incubation period has been computed for various tem-
peratures and is plotted in Fig. 6. It has been found that at
T = 500 K the incubation period is large, about 25 s. This
period decreases rapidly with increase in temperature, as can

VI. Conclusions
Bound-bound and bound-free transition rates for H2-H2

collisions have been computed for five temperatures, namely,
T = 800, 1000, 3000, 5000, and 10,000 K. Using these tran-
sition rates rotational relaxation parameter rpQ have been
computed. The computed values of the rp0 are in good agree-
ment with Lench and Gronig's6 data. Incubation period for
dissociation of hydrogen were also calculated.

References
'Sharma, S. P., and Schwenke, D. W., "The Rate Parameters for

Coupled Rotation- Vibration-Dissociation Phenomena in H2," AIAA
Paper 89-1738, June 1989.

2Sharma, S. P., Huo, W. M., and Park, C, "The Rate Parameters
for Coupled Vibration-Dissociation in a Generalized SSH Approxi-
mation," AIAA Paper 88-2714, June 1988.

3 Appleton , J . P . , Steinberg , M . , and Jiquornik , D . J . , " Shock Tube
Study of Carbon Monoxide Dissociation Using Vacuum-Ultraviolet
Absorption," Journal of Chemical Physics, Vol. 52, No. 5, 1970, pp.
2205-2221.

4Schwenke, D. W., "Calculation of Rate Constants for the Three-
Body Recombination of H2 in the Presence of H2," Journal of Chem-
ical Physics, Vol. 89, No. 4, 1988, p. 2076.

5Boitnott, C. A., and Warder, R. C., Jr., "Shock Tube Measure-
ments of Rotational Relaxation in Hydrogen," Physics of Fluids, Vol.
14, No. 11, 1971, pp. 2312-2316.

6Lensch, G., and Gronig, H., "Experimental Determination of
Rotational Relaxation in Molecular Hydrogen and Deuterium," Pro-
ceedings of the Eleventh International Symposium on Shock Tubes
and Waves, edited by B. Ahlborn, A. Hertzberg, and D. Russell,
Univ. of Washington Press, Seattle, WA, 1977.

7Gallagher, R. J., and Fenn, J. B., "Rotational Relaxation of
Molecular Hydrogen," Journal of Chemical Physics, Vol. 60, No. 9,
1974, pp. 3492-3499.

8Rabitz, L., Journal of Chemical Physics, Vol. 63, 1975, p. 3532.
9Yoder, M. J., Ph.D. Dissertation, Univ. of Michigan, Ann Arbor,

MI, 1971.


